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For the example of the simplest two-component model, the mechanism of heat and 
mass transfer in a saturated porous medium when oscillations are imposed is con- 
sidered. 

i. Heat- and mass-transfer phenomena in two-component -- for example, two-phase --media 
have been well studied for the case of constant or slowly varying velocity of the relative 
displacement of the components (filtration of liquid or gas in a porous solid). Further 
study of the heat and mass transfer with mutually oscillatory displacement of the components 
is of interest. A process of this kind in a homogeneous medium was considered in [I] for the 
theory of turbulence. Note that the model of the two-component medium considered below per- 
mits transition to a homogeneous medium in the presence of a velocity gradient in the latter. 

The two-component medium is represented in the form of a system of alternating adjacent 
plates. One of each pair of neighboring plates is assumed to be motionless, while the second 
may move along the x axis, positioned at the interface, according to a periodic law. Between 
the plates, heat transfer occurs according to Newton's law. In the presence of a temperature 
gradient in the system along the x axis, the oscillations of the plates lead to heat transfer 
along the plates additional to the ordinary heat conduction, which is not considered here. 

If the system is bounded in the direction of the x axis (O..<x~<l), and temperature To is 
maintained at the ends, the mathematical formulation of the problem takes the form 

OT~, OT~ ~ (T~ Y 0 O, (1) 

OT1 - -  r (T~ - -  T1) ---- 0, ( 2 )  (1 - - rn )  c~p~ 0"--'~ 

T2[x=o = To, T~[x=z = 0, T1,2[t=o = 0, t ~ 0 .  ( 3 )  

The subscripts 1 and 2 refer to the motionless and oscillating components, respectively. 

The system in Eqs. (1)-(3) is difficult to separate analytically; therefore, considera- 
tion is limited to one of the integrals of the given problem. 

Dividing Eqs. (i) and (2) by mc=p2 and (i- m)clpx, respectively, and subtracting the 
second from the first, the result is integrated with respect to x from 0 to I. The follow- 
ing simpler problem is obtained: 

l 

de,+ r e=- -~zu( t )~OT~ dx= ~z Tou(t), 
dt ? I J Ox I 

0 

@It=0 = 0 

Here 

= 

l 

cr I ( T 2 - -  Tx) dx; 1. _-- 1 + 1 
1 . ? mc2p ~ (1 - -  m) clpl 

0 
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Fig. i. Dependence of the effective 
heat-transfer coefficient on the pa- 
rameter @-I for discontinuous (I) and 
harmonic (2) oscillations. 

The solution will take the form 

t 

@= ~ To u(~)exp e (~- - t )  d~. 
Z . ? 

0 

(4) 

The quantity 0 is the amount of heat exchanged between the components in unit volume and unit 
time. 

2. Consider harmonic oscillations 

u (t) = A~ sin ~t, X (t) = A cos o t  + x0. 

S u b s t i t u t i o n  i n t o  Eq.  (4 )  l e a d s  t o  t h e  f o l l o w i n g  r e s u l t s :  

l g 1 + q?~ sin (or + 9) + exp (-- ~q~t) 
1/1 + ~2 

where = ~/~? , and the phase shift ~ is determined by the expression 

1 
sin q) = V 1 + dO ~ (5 )  

The last term in the solution obtained decreases over time, which offers the possibility of 
transforming to the following equation when t~I/~, l~?/~ : 

Oo ----- ~zATo 1 - sin (cot + q~). 
l }/1 + @ 2  

The quantity Oo characterizes the heat transfer between the components in steady thermal con- 
ditions, when the process of heat absorption by the medium is complete. 

The heat-flux density along the x axis due to oscillations of the mobile component is 

~A2To 
}q]= {Oo X> = 21 K i + ~  Isin~]. . ( 6 )  

Thus, the heat transfer with oscillatory motion in a two-component medium depends on the 
phase shift between the oscillations of the mobile component and the heat flux between the 
components. It follows from Eqs. (5) and (6) that, at low frequencies (~-+0, ~-+0) , this 
phase shift is 7/2, and there is no heat transfer. With increase in frequency (~-+oo, 
I~I-+~/2) , the phase shift tends to zero, and the heat flux along the x axis increases. 

From Eqs. (5) and (6) 

I~l = r 1 To 
2 I + ~ 2  t 
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Fig. 2. Line diagram of electrical model. 

The latter equation resembles the heat-conduction law written for a steady heat flux in 
a homogeneous medium with a temperature gradient To/l. Introducing the heat-transfer coeffi- 
cient, which is an analog of the thermal conductivity 

~A ~ 1 
2 1 + m 2 (7) 

it follows from Eq. (7) that Xt* reaches a maximum when o ~ s/y: him = (II2)~A =. 

A limiting oscillation frequency mo = a/7 exists; at this frequency the heat-transfer co- 
efficient is decreased by half. At small frequencies o~/? , ~** tends to zero. The lim- 
iting frequency increases with increase in heat-transfer coefficient between the components 
of the medium a and with decrease in the effective specific heat y. For example, if a = 101~ 
W/mS-K [2], y-t = 2.10-6 mS.K/j are assumed for water-saturated sand, then fo = mo/2z = 3 kHz. 

3. Suppose that the mobile component undergoes a discontinuous change in position with 
respect to the immobile component, moving through a distance of 2A any number of times and 
remaining in each of the two states for an interval of T/2. Then 

h 

i=o 2 < t < ( k +  1) 2 

Substituting this expression into Eq. (4) and integrating gives 

O =  --2~zAT~ - - a m  21) E ( - - 1 ) ~ e x p ( i a m ) . . ~  
i=O 

The result of calculating the sum is 

0 = 2~zATo 1 + (-- 1)kexp[(k + 1) a@]exp(  - 
l 1 + exp (am) \ 

The amount of heat transferred to unit volume of one component from the other in one half- 
period is now found 

(h+l)x/2 

Q= f (9 (t) d! = --~Ax To 
, a*lO 

kx/2 

1 - -  exp (--  rt~) 
{exp [-- a ~  (k + 1)1 - -  (-- 1)k}. 

I + exp ( -  ~(I)) 

On completion of the transient process (t>>x, t>>~/~) , the amount of heat circulating between 
the components is 

o~A~To 1 - -  exp (--  ~r 
Qo = • - -  a l~  1 + exp (--  aO) 

The plus (minus) sign corresponds to the first (second) half-period of the oscillations,. 
Taking into account that the heat stored by the moving component after the first half-period 
is transferred through a distance 2A and transmitted to the immobile component, the mean heat- 
flux density in the direction of the x axis may be found 
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2A 2aA 2 1 - -  exp ( - -  aft)) To 
= I Q o l -  = -  "~ acD 1 + exp ( - -  ~(:l)) l 

The expression obtained for the heat-transfer coefficient is 

%z = 2aA2 I - -  exp ( - -  ~@) 2aA~ th a r  (8)  
~ $  1 + exp ( - -  ~ r  a ~  2 

Comparison of Eqs. (7) and (8), which is particularly clear in graphical form (Fig. i), 
shows that the basic laws of the given transfer process are retained with significantly dif- 
ferent types of oscillations. However, whereas the phase shift between the oscillatory mo- 
tion and the oscillations of the heat flux between the components plays a considerable role 
in the harmonic oscillations, there is no phase shift in the discontinuous displacement. 

A consequence of this is the absence of heat transfer as a + = in the first case, where- 
as in the second from Eq. (8) 

k~ = 4A~ 

4. An i n t e r e s t i n g  f e a t u r e  o f  t h e  s e c o n d  c a s e  i s  t h e  p o s s i b i l i t y  o f  e x p e r i m e n t a l  i n v e s -  
t i g a t i o n  on a s i m p l e  e l e c t r i c a l  mode l  c o n s i s t i n g  o f  a s e t  o f  c a p a c i t o r s  and  r e s i s t o r s ,  s w i t c h e d ,  
f o r  e x a m p l e ,  by  an e l e c t r i c  r e l a y .  R e p l a c i n g  t h e  t h e r m a l  q u a n t i t i e s  by  t h e i r  t h e r m a l  a n a -  
l o g s  w i t h  p o i n t  p a r a m e t e r s  does  n o t  l e a d  to  any m o d e l i n g  e r r o r  i n  t h e  g i v e n  c a s e .  

The e l e c t r i c a l  mode l  ( F i g .  2) h a s  n = Z/2A p a i r s  o f  e l e m e n t s ,  e a c h  o f  wh ich  c o n s i s t s  o f  
a c a p a c i t o r  and r e s i s t o r  i n  s e r i e s ,  m o d e l i n g  t h e  s p e c i f i c  h e a t  and h e a t - t r a n s f e r  c o e f f i c i e n t ,  
r e s p e c t i v e l y .  S w i t c h i n g  o f  t h e  e l e m e n t s  i s  by s w i t c h e s  K , -K  n a t  t h e  o s c i l l a t i o n  f r e q u e n c y  
o f  t h e  s y s t e m  c o m p o n e n t s .  The e l e c t r i c a l  p a r a m e t e r s  o f  t h e  mode l  a r e  r e l a t e d  to  t h e  c o r r e -  
s p o n d i n g  p a r a m e t e r s  o f  t he  s y s t e m  c o n s i d e r e d  a b o v e  by  t h e  f o l l o w i n g  t r a n s f o r m a t i o n s :  

Cl-+(1--m)Gp22A, C2---~mGp~2A, 

To-+E, i--+q, n--+l/2A, R--+I/2Aa. (9) 

The mean value of the current drawn from the emf source in steady conditions, i.e., when 
the mean (over the period) charge at the capacitors is unchanged, is found. Obviously 

-[-= A__Q = AUlCl = AU2C2 (i0) 

T T T 

Here AQ and AU are the changes in charge andpotential at the capacitors after the half- 
period T/2. The quantity AU, (or AU2) may be found from the following systems of equations: 

nAUl + nAU2 + (2n + 1) U----E, 

AUa + AU~ ---- (AU~ + AU2 + U) [ 1 - -  exp ( - -  r 

AUIC1--- AU~C~, 

where U is the drop in potential at the resistance R at the end of capacitor recharging; and 

C1 + C2 
9'  = (11) 

2 RC1C~ 

Solving this system, AU, is found and substituted into Eq. (i0), to give 

CIC2 E [2n+l ]-i. 

C1+C2 ( n +  1)'c n +  1 ( - - e - ~ ' ) - 1 - - 1  

Introducing the equivalent conduction of the circuit ~ = i/E, and taking account of Eq. 
(ii), it is found that 
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Fig. 3. Experimental curves of transient 
processes with the imposition of oscilla- 
tions: To = RC; the figures on the curves 
give the ratio of the oscillation period 
to T O . 

1 [2n+l (1--e-~P') -~-1]. 
2 ( n +  1) Rqo' n +  1 

For the case when n ~ I, the expression is somewhat simplified 

1 1 -- e-~' 
t h  . 

2 

2nRcp' 1 + e-~' 2nRep' 

Using Eq. (9), an expression for the heat-transfer coefficient in the form in Eq. (8) is 
obtained. 

To verify the theoretical relations and study transient conditions, a mock-up of the 
electrical model is built and measurements are made. The results of the measurements are 
shown by the points in Fig. i. These results are obtained with R = Ii0 k~, C, = C2 = 1 ~F, 
n = 20. Electromagnetic relays are used as the switches. In Fig. 3, experimental curves of 
i(t) with the emf source switched on are shown; several curves corresponding to different os- 
cillation frequencies are shown. The length of the transient processes is largely indepen- 
dent of the frequency in the high-frequency range and increases with decrease in frequency 
below the limiting value. 

For further investigation of transfer processes with oscillations in a two-component me- 
dium, a full-scale model is constructed, consisting of a system of liquid-filled capillaries. 
Preliminary results of full-scale modeling qualitatively agree with the conclusions here out- 
lined. 

The given heat-transfer mechanism may play a significant role in the so-called thermo- 
acoustic effect appearing as a considerable increase in effective heat conduction of a liquid- 
saturated porous medium under the action of acoustic oscillations [2]. Existing experimental 
data relating the appearance of this effect to the oscillation intensity and frequency agree 
with the above dependences. In addition, the marked appearance of the thermoacoustic effect 
in gas-saturated sand, which has perplexed investigators, may also be explained. In fact, 
within the framework of the given phenomenon, the basic difference between a gas and a liquid 
is that they have different specific heats. The specific heat has no influence on the heat- 
transfer coefficient at above-limiting frequencies. To a lesser extent than for a liquid, 
the heat-transfer coefficient of a gas may be compensated by the large oscillation amplitude 
of the fluid relative to the solid phase of the porous medium. 

NOTATION 

A, amplitude; C, capacity of the capacitor; c, specific heat; E, emf; f, frequency (m = 
2zf); i, current; Z, linear dimension of system; R, electrical resistance; T, temperature; t, 
time; U, potential; x, coordinate; ~, specific heat-transfer coefficient; y, effective speci- 
fic heat; 6, Dirac delta function; ~*, heat-transfer coefficient; p, density; ~, equivalent 
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conductivity of the circuit; T, oscillation period; m, volume per fraction of the second com- 
ponent in unit volume of the medium. 
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THEORY OF INTERFACIAL CONVECTION 

Yu. A. Buevich UDC 532.7:536.25~ 

Using a simple thermocapillary convection problem as an example, we consider weak- 
ly nonlinear convective structures which arise near the surface of two liquids as 
a result of the Marangoni instability. 

In the so-called Marangoni instability (a brief historical review is in [i]), near the 
surface between two immiscible liquids interesting stationary motion can develop. In some 
cases the motion is characterized by a high degree of order and there is a completely regular 
circulatory flow inside separate convection rolling cells which form a coherent structure (in- 
terfacial convection). In other cases the motion resembles random fluctuations in a turbu- 
lent fluid (interfacial turbulence). The different types of motion near the surface were ob- 
served in [2-6]; they can also be considered as dissipative structures developing in a non- 
equilibrium system [7, 8] or as a consequence of the randomizing behavior of dynamical sys- 
tems with strange attractors [8, 9]. 

The presence of interfacial convection or turbulence leads to a significant increase in 
mass or heat transport across the surface (see [i0, ii]) and is therefore of great interest. 
Physically, the Marangoni instability is most often due to the dependence of the surface ten- 
sion on temperature or concentration of surface-active or inactive material (thermocapillary 
or concentration-capillary convection), but may also be caused by a dependence of the sur- 
face tension on the density of surface electric charges or dipoles, the polarization of the 
surface layer in an external electromagnetic field, the conformational structure of the sur- 
face layer, and so on (see [12]). 

The theoretical studies in this field are almost entirely devoted to the linear analysis 
of the conditions for the onset of the Marangoni instability (representative examples can be 
found in [13-19]). Attempts to extend the analysis to nonlinear effects are rare [20-22], 
and except for numerical investigations, are limited to weakly nonlinear problems of inter- 
facial convection. The method used in the present paper is essentially a variant of the 
small parameter method, applied previously to natural thermal convection in [23] and consid- 
ered in detail in [24]. It is quite similar to the method of Lin [22, 25] and is based on 
the old classical works of Stuart and Watson [26, 27] on the nonlinear stability of plane 
Poiseuille and Couette flow. A similar method was applied to nonlinear instabilities and to 
the formation of space-time structures in thin liquid films deposited on substrates [28-30]. 

In essence, the method goes back to the well-known hypotheses of Landau [31] and Hopf 
[32] that the transition to turbulent motion can be thought of as a series of supercritical 
bifurcations of the set of periodic (or quasiperiodic) solutions of the Navier--Stokes equa- 
tions describing the loss of stability in the analogous set of higher dimensionality, and on 
the possibility of stabilizing these solutions for not very large supercriticalities due to 
nonlinear interactions (the possibility of establishing regular periodic secondary flow under 
certain conditions). Although prior to the onset of natural turbulence, this hypothesis was 
shown to be untrue [33], it is correct in many other cases, in particular for interfacial 
convection. 
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